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GREEN’S MATRIX OF THE PLANE PROBLEM OF EEASTICITY THEORY
FOR AN ORTHOTROPIC STRIP

I.M. DOLGOVA and YU.A. MEL'NIKOV

Green's matrix for a homogeneous and orthotropic half-strip clamped
between two absolutely rigid half-planes is constructed. The boundary
conditions on all sides correspond to frictionless contact. The equations
of equilibrium in displacements formulated for the case with mass forces
are solved by Fourier transform methods. The final results are represented
by relatively simple formulas. The Green's matrix elements, which in
physical terms represent the displacements of the half-strip points under
the action of a concentrated force, are expressed in terms of elementary
functions. Numerical results are given for the case with a transverse
concentrated force, Hence it is shown that the algorithm for constructing
Green's functions and matrices for a mixed boundary-value problem of
elasticity theory with an isotropic strip /1/ can be extended to some
plane problems of elasticity theory for orthotropic materials.

1. cConsider the elastic equilibrium of the homogeneous strip (—oo<z<<+ o0, 0
y<< b with principal directions of orthotropy coinciding with the coordinate axes z and
y; B and E, are Young's moduli of the first kind, v, and v, are Poisson's ratios, and G
is the shear modulus.

The system of equations of equilibrium in displacements is written in the form

A (6%622, 8%/0y?, 3%6x0y, Ayyy Arar Asss Aee) U (2, ¥) = F (2, y) (1.1)

Here U= U(z, y) is the vector of displacements of the strip points and F =F (z, ¥
is the vector of mass forces. The elements of the matrix A = (A")z'2 are written in the form
(we follow the notation of /2/)

A = A,,0%02% + Aggd?0y2, A = A y0%01* + Apy0?oys
AR — AM = (4,, + A,,) 3%/dzdy

— El — ‘VlEa — E,
All:—m'y Ali—ma Azz—t:_lv‘z‘y

Agy=0C

Assume that the stress-strain state being analysed is symmetrical about the y axis. Then
clearly the components u(z,y) and v(z,y) of the vector U(z, ¥) for z =0 should
satisfy the relationships

u=10, Wox =0

We stipulate that these components must vanish as z->o0, and on the edges y =0,y =1b

we consider the conditions of contact of the strip with absolutely rigid half-planes without
friction and without lag,

v=_0, duldy =0 1.2)

We represent the solution of the problem and the mass force vector F(z,y) by the
expansions

Uz, y) = nz;Ian B Ua(z) F(zy) = éﬁ 0 (W) Fu(2) (1.3
cos vy 0 n
Qﬂ(y)E 0 sin vy ’ v =Tn

which obviously enables us to satisfy conditions (1.2) and for the components u, (z) and v, (z)
of the vector U, (z) leads to a system of linear ordinary differential equations

Ln (d!/d‘zz' Ay, Ay, Azzv Aqge) U, (z) = Fn (=) (1'4)
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with the boundary conditions
=0 u, =0, v,, =0, 2> o0, u, =0, v, =0 (1.5)
The elements L,,ﬁ of the matrix [, are given by the expressions
L = A)d¥da? — dgv?, Lp2 = Agd¥dz? — Ayv?
L = —L M = (A,;, + Ag) vd/dx

The fundamental system of solutions of the homogeneous system corresponding to (1.4)
consists of the vectors

Up* (z, +p), Up*(x, 9 (1.6)
Here
A2+ g £vPx
U, * (x, p) = ¥ (des — 4up?
(vpyt eves
pg — ( Ay Agy — At — 241Au + B )'/’
' 2411466

B = (Alz2 - Aquz)2 + 4 (Auz - Aquz) Aos (Alz + Au)

Applying the procedure of Lagrange's method of variation of arbitrary constants, we
obtain a general solution of system (1.4) in the form

U, (2) = 8, (2, ) Fa (8)d& + P, (¢) C 1.7

The elements §,Y(r, &) of the matrix (S, (z, E)).; are given by the expressions

St (z, §) = (pDgshvp (x — &) — . . .)/(AnR)

8,12 (x, &) = p(chvp (z — &) + .. V(e (Dp — Dy))

8.7 (z, &) = D,Dy (chvp (£ — &) — . . J(pAuR)

8,2 (x, §) = (¢Dpshvp (x — &) — . . . )(Aeepg (Dp — Dy))
W=Ap,+ Ag, Dy =Ag — App®, Dg = Ag — And®,
R = p*D, — ¢*D,

Here and henceforth, ellipsis stands for the quantity corresponding to the previous term
with p replaced by g and ¢ by p; P, (z) = (U,*),, is a matrix whose columns are the vectors

(1.6) .
Oonce the boundary conditions (l1.5) have been satisfied, the column matrix of the arbitrary

constants C, is determined by the integral

Co= (WO F.®) &2

which, substituted in (1.7), gives

o

Un@ = § Gu(x ) Fa @) dt (1.8)
0
. [S,,(z, B+ Pa(@Wa(®), 2>¢
e P.(ny)Wa (), =<}
The kernel G, (x,§) is Green's matrix of the boundary-value problem (1.4), (1.5) and
its elements are
n — K v (pDgevPrshvpt —...),  >E
G (.8) =] _ K, v (pDge-vrishvpr —...), 2§
1 K vi(evpxchvpt —...), 2>§
G2 (z, k)= { _ Km\’_l (e-vp§ sh vpr — .. g <E

21 Kyv(evr*shvpg—...), £>¢
Gat (@, F) = {— Kyvi(evchvpr—...), z<§
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o2 _ Kovt (pDge% chvgg —...), 2 >§
n (@)= Kopv 1 (pDyevEchvgr —...), 2 <k

1 B
Ku = s Kiz =
1

Anfl 4w (D — Do)
D D i
_ P -
Ky nduf v Koy AgsPq (Dp - Dg)

Now applying the Fourier-Buler formula for F,(§) in (1.8) and then substituting U, (z)
into {l.3), we obtain

oo b
Umy=§ Gy FE ndsdn (1.9)
00
6@y = Y e0n(¥)Ga (58 0u () (1.10)
1, n=0 =
&= {2, n>0

Since the original boundary-value problem of elasticity theory is uniquely solvable for
an orthotropic half-strip and its solution has a known representation by a mass potential,
we conclude that the kernel (1.10) of integral (1.9) is the required Green's matrix of our
problem.

Now noting that for <1 and O <y 2n we have

o 3

tcosmy 1 "
Z_n—-—_ 5~ In(1—2tcos y +12)
n=1
- t"sinny = arct tsiny
Z n - g 1—tcosy
el

we perform summation in the elements of the Green's matrix and cbtain

\ _ Ku Eznyp—LnE@y—8 —n
Gu(x,y,g,n)_hé—n{quln Ep o, B ME®P, 5,4 E—1) _']
K )
Gy» (.Z', Y ga M) = 2: [M'Cth(Py z, 5 & n—-...
+ Sarctg M (p, 2343 —E, ) —. . .+ arctg M (g, z, y; E, — N)—...
+8arctg M (g, 2,43 — & — ) — . . .]
K
Gy (T ;&) = - laretg M (g, 2, 43 &, ) — - -« i
+darctg M (p, z, y; — & ) —. . . f-arctg M (g, 2, y; &, — )—. ..
+ darctg M (p, z, y; — &, — 1) — . . ]
. . Knt Ezyit—nE@ 2,y —8 —n)
Culo v o= Pl 0 = e F e — o~ ]

1, z>t
5={—-1, 2t

E(p.,:l:,y;§,’q)=1—2exp<-—-%p[.t+§|)005 [i;—(y—l-n)] +
exp(— 2 pla8))

M(poziyitm =exp(— 2 plz+ 2l )sin [3-+n)] x
(1——exp(—-%p1x+§1)cos [%-(y-!—ﬂ)})ﬁ

We can verify that this construction satisfies all thé defining properties of Green's
matrix.

2. Let us now present some results of the application of this Green's matrix. Using
the mechanical interpretation of Green's matrix, we see that the components Gy (z, y; &, m),
Gy (7, y; £, ) are the displacements u(r, y) and v(z, y) of the point (z, y) of the given
half-strip produced by a unit mass force applied at the point (§, n} and directed parallel

to the y axis. Applying well-known formulas /2/, we obtain for the corresponding normal
stresses
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0, = Ay 0G,,/0z + A10G,,/0y
Oy = A150Go/0x + A0G,,/0y

which in our case take the form

A Anp?
0= T B 1D (p 2, Y — & — )+ O (P2 Y — ) —

O,y —EM)— PPy L+ ...

2 (4122 — And And, Agd
Oy == £t Zb,;:u;:;(qzzi_ T;,‘a))+ D Pz, — 8 —m)+

O(pe, & —— Q5 —EN—Qpn W+ ...
(D(p,x,y;g,ﬂ)=exp(~%pix+§i) x
sin[3- (v + )] (B (b, 33 & 0

Fig.l plots the stresses oy on the upper edge {(a) and lower edge (b) of the half-strip
of width b5=1 due to a unit force concentrated at the point (0.35, 0.65). The sclid curves
correspond to the stress components in the orthotropic case (E; = 0.58 x 10° N/m2, E, = 1.18x 10°

N/mz, vy = 0.036, v, = 0.074, and G =0.07 x{0® N/mz) P the broken curves correspond to the iso-
tropic case (£ = 0.59 x 10° N/mz) ;v = 0.036).
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Note that the existence of Green's matrix derived above enables one to consider the
action of any system of concentrated or distributed forces (with a known distribution) acting
on an orthotropic strip. This matrix also can be used to develop algorithms for solving a
number of applied problems using existing versions of the potentials method /3, 4/.
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